Terahertz spintronics offers the prospect of devices which are both faster and more energyefficient. A promising route to achieve this goal is to exploit current-induced spin-orbit torques. However, the high-frequency properties of these quantities remain unexplored both experimentally and theoretically, within a realistic material-specific approach. Here we investigate the AC transverse components of the torques and uncover contributions longitudinal to the magnetic moment capable of changing its magnitude. We show that, while the torques can be drastically altered in the dynamical regime, the effective magnetic fields that accompany them present a frequency-independent behaviour, ranging from the static limit up to the terahertz domain -including the ferromagnetic resonance of the system. The out- 
accumulation direction, the damping-like torque points to/away from it, depending on the direction of the applied field. Due to the symmetry of these components with the magnetisation direction (odd and even, respectively), it is expected that large damping-like torques are required for an effective manipulation of the magnetic moment 14, 31, 32 , albeit field-like ones can also cause the switching in the presence of assisting magnetic fields 33 . In reality, the multi-parameter magnetisation dynamics can follow rather intricate paths, and particular combinations of field-like and damping-like torques can be used to induce deterministic switching of the magnetisation without assisting fields 27 .
In this work, we investigate the spin-orbit torques starting from the microscopic theory of the magnetisation dynamics in realistic materials. This theory incorporates the collective spin excitations in the presence of spin-orbit interaction, inherently taking into account the intrinsic interfacial and bulk spin-orbit-related mechanisms, such as the inverse spin galvanic effect and the spin Hall effect, respectively, as well as their reciprocal phenomena 34, 35 . We fully unveil the frequency and angular dependency of the SOTs in ferromagnetic/heavy metal bilayer structures subjected to an external AC electric field. The SOTs are highly frequency dependent, changing more than one order of magnitude with respect to the static values. We also uncover a counter-intuitive component of the torque capable of altering the magnetisation length. Its amplitude is found to be one order of magnitude smaller than the usual SOTs, but also shares a rich and complex frequency dependence.
Surprisingly, the effective magnetic fields that provide equivalent description of the magnetisation dynamics weakly depend on the frequency for the investigated bilayers. These findings enlighten how to use the torques for the manipulation of the magnetisation using time-dependent electric currents.
Results
Theory of spin-orbit torques and effective magnetic fields In an atomistic picture, the central quantity is the spin magnetic moment M i (t) belonging to atom i, which is obtained microscopically from the quantum-mechanical expectation value of the spin angular momentum operator. Its dynamics are governed by the spin continuity equation
It includes the effects of the spin currents I flowing from atom i to neighboring atoms j, the Zeeman torque due to the external magnetic field,
, and the local spin-orbit torque τ
, which is due to the atomic spin-orbit interaction with strength λ i and couples spin and orbital angular momentum.
The left-hand side of Eq. (1) is zero in the ground state of the system, determining the equilibrium orientation of the spin moment as M i = M imi (M i being its magnitude andm i its direction).
We investigate bilayers consisting of a ferromagnetic layer (FM) deposited on a heavy metal (HM) substrate. The setup is depicted in Fig. 1 . The main focus of this work is on the C 2v -symmetric Fe/W(110), for which the spin moment has an in-plane easy axis along the long axis of the lattice (x-axis, as indicated in Fig. 1 ). Results for Co/Pt(001) bilayer (see, e.g., Refs. 6, 13, 24), for which the easy axis is out-of-plane, are given in the Supplementary Figs. 1 -4 . The external magnetic field B ext is applied to the whole sample and is used to reorient the magnetic moment of As shown in Fig. 1 , we consider the application of a spatially uniform AC electric field with frequency ω along the in-plane x-direction, E(t) = E 0 cos(ωt)x. This induces a spin current I S i flowing along theẑ direction and an oscillatory spin accumulation δ S i (t) ∝ẑ × E(t), which is thus polarized alongŷ and builds up at the interface between the FM and the HM. The electric field also modifies the orbital angular momentum δ L i (t) in the ferromagnet. All these contributions then interact with the magnetic moment M i of the FM layer via the total spin-orbit torques
, driving the system out of equilibrium according to Eq. (1).
The magnetisation dynamics induced by the external electric field is described by Eq. (1).
is obtained within linear response theory in terms of the vector potential A(t) = − E 0 ω sin(ωt)x (as detailed in the Supplementary Note S1). The harmonic perturbation gives rise to the frequency-dependent components (α = x, y, z) of the spin-orbit torque
which includes contributions that are in-phase and out-of-phase with the external electric field.
The amplitude of the oscillation is given by |τ
(ω) 2 , and the dephasing may also be expressed in terms of the phase of the response function, ϕ
(ω) and |τ 
where δŝ represents the direction of the spin accumulation, τ i,FL (ω) and τ i,DL (ω) are the field-like and damping-like (or antidamping-like) SOT strengths 20 , respectively, and τ i, (ω) is the strength of the longitudinal component, i.e., along the magnetisation direction.
The net effect of the electric field on the magnetisation can be quantified by an effective magnetic field: the magnetic field that would cause an equivalent perturbation on the magnetic moments. It can be obtained from the change in the magnetisation caused by electric and magnetic external fields 21 , given in the frequency domain by
where Ξ(ω) and χ(ω) represent the magnetic-charge current response and the magnetic susceptibility, respectively. Thus, the effective magnetic field caused by the harmonic electric field applied to the system can be cast in the form of Eq. (2) as
where the in-phase and out-of-phase coefficients are obtained from the imaginary and real
In the presence of SOI, Ξ and χ are 4N × 4N matrices in spin and sites space, including the charge and three components of the magnetic moments of the N sites in the unit cell of the system 36, 37 . Note that the direction of
is determined by the structure of these matrices.
In the next sections, these two central quantities -SOT and effective magnetic fieldare discussed within the framework of linear response theory with respect to the amplitude of the external electric field, E 0 . More details on our approach, based on a multi-orbital tight-binding hamiltonian that captures the electronic structure obtained from a density functional theory calculation, can be found in the Methods section and in the Supplementary Note S1. larger than the anisotropy field is used to reorient the magnetic moment within the zx plane (the rotation along zy and xy planes can be found in the Supplementary Figure 5) . When the magnetisation is aligned with the spin accumulation generated by the electric field, i.e., M Fe δŝ ŷ, the transverse components of the torque vanish. As an important remark, the projection of the transverse components into the local frame given in Eq. (3) already takes into account the angular dependency of the torques to lowest order in the magnetisation direction. Nevertheless, these components of the SOT displayed in Fig. 2 still vary when the magnetisation is rotated. This is a signature of the higher order terms inm i , which substantially alter the angular dependency of the SOTs, as found experimentally in Ref. 13 .
We also note that the projection of τ SOT i
into the local frame of reference results in a nonvanishing longitudinal component (i.e., along the magnetisation directionm i ), even when M Fe δs (as depicted in Fig. 3c below) . This induces changes in the magnitude of M Fe and is also present in the static limit. When the magnetisation is not along high symmetry directions, this contribution is enhanced due to the presence of spin currents originating from the misalignment of the magnetic moments among the different layers 38, 39 . The amplitude of the longitudinal component is approximately one order of magnitude smaller than the transverse ones. This is attributed to the weaker longitudinal magnetic responses when compared to the transverse ones, as their excitation energy is located in the eV range, which is settled by the energy cost of modifying the length of a magnetic moments 40, 41 . Interestingly, we observe resonant features in the longitudinal components originating from the transversal excitations, since these responses are coupled due to the spin-orbit interaction.
All components of the torque have a striking variation in the vicinity of the resonance. Not only there are regions of large increase of the magnitude of the torque, but they also change sign.
The angular dependency is highly influenced by the excitation frequency owing to the resonance of the magnetisation. In Fig. 3 , the angular dependencies of the torques for two distinct frequencies are shown: the static limit ω = 0 (solid lines) and ω field or the temporal characteristics of the pulses.
Although the SOTs are directly responsible for the dynamics of the magnetic moment, they can also be quantified in terms of effective magnetic fields acting on M Fe . In the next section, we investigate the frequency and angular dependencies of these fields.
Effective field on Fe/W(110)
We use Eq. (6) to calculate the the effective field in the local frame of reference. . Surprisingly, despite a strong frequency dependence of the torques and the magnetisation, the effective fields remain almost unaltered by the frequency sweep. This behaviour is a direct con-sequence of the result obtained in Eq. (6) . Indeed, the effective field consists of a product of the inverse magnetic susceptibility with the magnetic-charge current one. The factor (1 + χ 0 (ω)U )
involving the non-interacting susceptibility χ 0 (ω) and the effective Coulomb interaction U that renormalizes both responses 36, 42, 43 then cancels identically. The angular variation of the transverse projections into the local frame are once more due to the presence of higher order terms in the magnetisation (similarly as discussed for the SOT). Note that these high order terms are negligible for the damping-like component of the effective field (see Fig. 5b ), which is reflected in respectively small fitting coefficients, as shown in the Supplementary Note 2. The longitudinal part is found to be of the same order of magnitude as the transverse ones. However, the smaller responses in this direction lead to weak longitudinal SOTs (as depicted in Fig. 2c ).
Discussion
In this paper, we focused on the investigation of the frequency and angular dependencies of the spin-orbit torques and the accompanying effective magnetic fields for Fe/W(110) and Co/Pt (001) bilayers relying on a unified approach that incorporates both magnetic and charge responses on equal footing. Within this framework, we revealed the presence of non-vanishing longitudinal dynamics capable of altering the magnetisation length. While the spin-orbit torques exhibit a strong frequency dependency at the vicinity of the ferromagnetic resonance of the system, this is not so for the effective fields. The angular dependencies of both the SOTs and the effective magnetic fields present important higher order contributions in terms of the magnetisation direction. Their signature is observed upon rotation of the magnetisation.
Most of the existing literature addressing spin-orbit torques follows the approach described in Ref. 25 , which is based on the following assumptions: The charge carriers and the ferromagnetic unit are considered separately, interacting with each other via an sd-like coupling, and the static limit (ω = 0) of the spin continuity equation is taken. Then, the SOT is obtained from the torque between the magnetic moment of the ferromagnet and the spin moment of the charge carriers. A similar approach was also employed to obtain the SOT as the cross product between the magnetic moment and the exchange correlation field 20, 22 . However, for finite frequencies, the dynamics of the non-equilibrium magnetisation must be taken into account. In addition, when the magnetic moment and the carriers are treated on equal footing -as in the approach we use here -, this kind of torque vanishes identically (see Supplementary Note 1). Moreover, the contrasting behaviour of the computed torques and effective fields with respect to the frequency evidences that, at finite frequencies, these fields cannot be simply obtained as B eff = T ×m, as one would expect from the static regime 13, 22, 44 . As a matter of fact, they must be computed in a consistent manner using the form provided in Eq. (6).
The effective fields are measured experimentally in the quasi-static regime (few to hundreds of Hz) using, for example, the second harmonic technique 13, 19 . As we found them to be weakly frequency dependent, their quasi-static values can then be used to interpret terahertz dynamics.
However, our microscopic theory summarized by Eq. (6) reveals that, in extreme cases where the electronic structure supports strong interband transitions in the terahertz range, the effective fields are expected to acquire a non-trivial frequency dependence. Such an electronic structure scenario may occur in systems exhibiting strong spin-orbit interaction, as in Tl/Si(111) bilayers 37 .
Our theory has a natural synergy with ultrafast experiments, where the magnetic state of the system is manipulated with laser pulses [45] [46] [47] . They can be used to take advantage of the large variations of the SOTs with the frequency by adjusting the ratio between the field-like and the damping-like components of the torques. In practice, this control can be achieved by applying two pulses to excite the magnetisation. The delay between them determines if the response to the second pulse is dominated by the in-phase or the out-of-phase component. This protocol is complementary to previous proposals based on the variation of the amplitude and length of the current pulses 6, 45, 48 as a mean for writing and reading information in an efficient fashion.
The longitudinal components of the SOTs indicates a change in the magnetisation length that is intimately related to the spin accumulation direction. This spin accumulation can add up or subtract from the magnetic moment of the ferromagnet depending on the direction of the electric field, which give rise to the unidirectional magnetoresistance (USMR) 49 . Although the longitudinal component is constant with the frequency when the magnetic moment points exactly along the spin accumulation direction, our results indicate that an enhanced AC-USMR may be obtained by rotating the magnetisation by a few degrees and close to the resonance frequency. This effect can be used in conjunction with pulsed perturbations as a mean to differentiate magnetic states.
Finally, the findings presented in this work offer the possibility of using frequency as a mean to manipulate the spin-orbit torques. This opens a new road towards new dynamical control of the magnetisation dynamics for future spintronic-based devices.
Methods
We employ a multi-orbital tight-binding hamiltonian with nine orbitals (four for the sp block and five for the d) and two spin channels per layer for a realistic description of the electronic structure of one ferromagnetic layer on top of four heavy metal layers for both Fe/W(110) and Co/Pt(001).
Density functional (DFT) calculations based on the real-space linear-muffin tin orbitals method within the atomic sphere approximation (RS-LMTO-ASA) [50] [51] [52] Code availability The tight-binding code that supports the findings of this study is available from the corresponding author on request.
Data availability The data that support the findings of this study are available from the corresponding authors on request.
